Abstract. In this paper, we present a characterization of (binary and nonbinary) quantum error-correcting codes. Based on this characterization, we introduce a method to construct p-ary quantum codes using Boolean functions satisfying a system of certain quadratic relations. As a consequence of the construction, we are able to construct quantum codes of minimum distance 2. In particular, we produce a class of binary quantum ((n, 2 n−2 − 1 2
Introduction
Quantum information has received much attention for the past few years. Since the pioneering work in [2, 3, 12, 13, 14] , the theory of quantum error-correcting codes has developed rapidly.
As in classical coding theory, one of the central tasks in quantum coding theory is to construct good quantum codes. The first systematic mathematical construction is given by Calderbank et al. [2] in the binary case and then generalized by Rains [8] , Ashikhmin and Knill [1] and Matsumoto and Uyematsu [7] to the non-binary case. The p-ary quantum codes by this construction are called stabilizer quantum codes and are derived from classical codes over finite fields F p or F p 2 through various techniques. Another construction is presented by Schlingemann and Werner [11] using combinatorial properties of matrices over finite fields. Many good quantum codes with various parameters have been constructed in these ways, but all p-ary quantum codes produced by these constructions have dimensions being powers of p. On the other hand, quantum codes with general dimensions have been studied by Knill [4, 5] and Rains [9] , etc.
One extreme situation is the construction of quantum codes with minimum distance 2. For p-ary quantum codes with p > 2, the optimal quantum codes with 2008 KEQIN FENG AND CHAOPING XING minimum distance 2, i.e., quantum codes with length n, minimum distance 2 and dimension p n−2 , are in fact readily obtained using the stabilizer method [2, 8, 1, 7] . For the binary case, optimal quantum codes with minimum distance 2 and dimension 2 n−2 have been constructed [2, 9] . However, hardly anything is known about the dimension of optimal binary quantum codes with odd length and minimum distance 2.
In this paper we present a characterization of (binary and non-binary) quantum codes. Based on this characterization, we are able to derive a method to construct pure p-ary quantum codes with dimensions not necessarily equal to powers of p. With this method, the construction of quantum codes is reduced to finding functions from F n p to F p satisfying a system of quadratic relations. As the first consequence of the construction, we are able to construct quantum codes of minimum distance 2. In particular, we produce a class of binary quantum ((n, 2 n−2 − 1 2 n−1 (n−1)/2 , 2))-codes for odd length n ≥ 5. By a simple propagation rule, Rains [9] gives a family of binary quantum ((n, 3 · 2 n−4 , 2))-codes for odd n ≥ 5. For n ≥ 11, our codes are better than those by Rains [9] in the sense that our codes are bigger in size. Moreover, our binary quantum ((n, 2
(n−1)/2 , 2))-codes of odd length achieve the quantum Singleton bound asymptotically.
Other advantages of our characterization of quantum codes include the formulation of propagation rules for quantum codes. Classical coding theory has a much longer history, and various constructions and propagation rules have been proposed. Based on our characterization of quantum codes, we can induce some propagation rules for quantum codes similar to those in classical coding theory. In particular, some new binary quantum codes are found based on our propagation rules.
The paper is organized as follows. We recall the definitions and basic facts on quantum codes in Section 2 and show our characterization of quantum codes in Section 3. Then we present our construction of quantum codes by using quadratic functions and show several consequences in Section 4. Finally in Section 5, some propagation rules are derived based on our characterization in Section 3.
Basic facts on quantum codes
Binary quantum codes have been generalized to q-ary quantum codes with q being any prime number [8] and even a power of a prime [1] . In this paper we restrict ourselves to p-ary quantum codes with p being a prime number for simplicity. First we recall the definition of quantum codes.
Let C p be a complex vector space of dimension p and let {| 0 >,
where F p denotes the finite field with p elements. For n ≥ 1, the n-th tensor product (
where α c ∈ C. Let ζ be the p-th primitive root of unity:
There are three types of quantum bit errors: σ a , τ b and the composition σ a τ b , where a, b ∈ F p . They act on a quantum state as unitary linear operators on C p defined by
Thus,
Hence, the set of bit errors 
Then the quantum error e in (2.1) can be denoted by e = ζ λ X(a)Z(b) and the set of all quantum errors
For two error operators e = ζ λ X(a)Z(b) and e = ζ λ X(a )Z(b ), we have the following basic relationships:
It is easy to verify that the center C(E n ) of E n is ζ λ I : λ ∈ F p . It follows from (2.3) that the quotient group
is an elementary p-group of order |E n | = p 2n , hence it is isomorphic to the additive group F 2n p . For simplicity, we denote the canonical image of
In quantum mechanics, two n-system states | v > and α | v > (α ∈ C * ) represent the same quantum state. Thus, e and ζ λ e are the same error operator on (C p ) ⊗n , so that we can define the action of e ∈ E n by e | v >= e | v >.
, we define the quantum weight of e and e by
the subsets E n and E n of, respectively, weight less than or equal to l. It is easy to see that
We denote by K = dim C Q the dimension of Q over C and put k = log p K. Then k is a real number and 0 ≤ k ≤ n.
The minimum distance of a quantum code Q is defined to be the largest positive integer d satisfying the following condition:
A p-ary quantum code Q with length n, dimension
and u, v ∈ Q (note that we do not require u|v = 0 here). As in classical coding theory, we have the following two fundamental bounds.
(ii) (quantum Singleton bound [8] 
A characterization of quantum codes
In this section, we present a characterization on quantum Q = ((n, K, d)) p -codes. It gives an alternative way to construct quantum codes.
An n-system state |v >= c∈F n p α c |c > can be identified with a mapping ϕ: Now we state and prove our characterization on quantum codes. 
3)
n with an orthonormal basis:
we have
For each e = X(a)Z(b) with w Q (e) = l, let 
Therefore,
By Definition 2.1, Q is a quantum code with minimum distance d if and only if u | e | u = 0 for any orthogonal | u > and | u > in Q and e ∈ E n (d − 1). It follows from (3.4) and (3.5) that this is equivalent to the following:
By the Fourier transform, the condition (3.6) is equivalent to
The above condition becomes that for any a=(a 1 
a, a = 0 implies that aM a T = 0. It is easy to see that under the assumption K ≥ 2, the condition is equivalent to the equality M a T = f a T for any a ∈ C K , where f ∈ C is independent of a . Thus, M = fI K . This implies that our condition is equivalent to the condition (3.2).
(
Let Q be the subspace of . This implies the first equality of condition (II).
If
By the Fourier transform, this is equivalent to
where f ij ∈ C is independent of c A . Then we have
This completes the proof. (c ∈ F n p ). As a direct consequence of Theorem 3.1, we obtain the following construction of quantum codes.
Theorem 3.2.
and any c A ,
then there exists a pure quantum ((n, K, d) ) p -code. (ii) All p-ary quantum codes previously constructed in [1, 2, 11] have dimensions K being powers of p (note that quantum codes with general dimensions have been considered by Knill [4, 5] and Rains [9] , etc.). Theorems 3.1 and 3.2 in this paper make it possible to construct good quantum codes with arbitrary dimension. In the next section, we try to construct quadratic functions satisfying condition (3.10) in Theorem 3.2. We will show that, even in this simple case, several new quantum codes can be obtained and some previous results are improved.
Quantum codes from quadratic functions
For a matrix H = (h ij ) 1≤i≤m, 1≤j≤n over F p and a partition {1, 2, · · · , n} = A ∪ B, we denote by H A and H B the submatrices
However, if H is a square matrix, i.e., m = n, we have a different way to define four submatrices H AA , H AB , H BA and H BB , where, for example, H AB = (h ij ) i∈A, j∈B .
Let N k×n and M n×n be two matrices, and let {v 1 
is a zero-diagonal symmetric matrix (i.e., m ii = 0 and m ij = m ji for 1 ≤ i, j ≤ n) and the following condition is satisfied:
Proof. For a square matrix H = (h ij ) 1≤i, j≤t , we denote it by H = ( h ij ) 1≤i, j≤t , where
where x T stands for the transpose of x = (x 1 , · · · , x n ). Then for each partition
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where
by assumption. Hence,
By Theorem 3.2, it follows that there exists a pure quantum ((n,
If the rank of 
and N λ is the sub-matrix of N obtained by deleting the λ-th column of N , i.e.,
3. Some propagation rules in this section are obvious, while others are not. For instance, some new binary quantum codes and many other best known quantum codes can be obtained from these new propagation rules in this section. 
(ii) As ϕ i is not identical to zero, there exists an element a i = (a
such that ϕ i (a i ) = 0. Define a new mapping
Now we have to show that condition (3.2) is satisfied for the set
If Q is pure, i.e., the set {ϕ i } K i=1 satisfies conditions (I) and (II) in Theorem 3.1(ii), then it is easy to check that the sets
satisfy conditions (I) and (II) in Theorem 3.1(ii) as well, that is, Q i are pure for all 1 ≤ i ≤ 2.
Example 5.2. In this example, we can see that some good quantum codes can be obtained by applying the first propagation rule in Theorem 5.1, while the second propagation rule provides some new codes.
(i) By Table III of [2] , we know the existence of a binary ( (12, 16, 4) )-quantum code. Hence, from the first propagation rule in Theorem 5.1, we get binary ((12, K, 4))-quantum codes for all K ≤ 16. By Table III of [2] , we know that the ( (12, 8, 4) ) and ((12, 4, 4))-quantum codes are the best in the sense that, given length n and dimension K, the minimum distance is the best among the known ones. One can find many such examples in this way by using Table III of [2] . (ii) By Table III of [2] , we know the existence of a binary ((28, 2 8 , 6))-quantum code. Hence, from the second propagation rule in Theorem 5.1, we obtain a binary ((27, 2 8 , 5))-quantum code. This is a new code compared with Table III of [2] as the code of length 27 and dimension 2 8 in Table III of [2] has minimum distance only equal to 4. Furthermore, we can get many best known codes by applying this propagation rule. For instance, a binary ((16, 4, 6))-quantum code gives rise to a binary ((15, 4, 5))-quantum code. Then the set {σ ij } 1≤i≤K 1 ,1≤j≤K 2 gives rise to the desired quantum code. The details of the proof are omitted here.
